Hoofdstuk 16 Limieten

16.1 Continuiteit en differentieerbaarheid.

Opgave 1:

a

b. f@®=1
S(19) =361

£(1,99) = 39601
£(2,01) = 4,0401
c. voor x =2 wordt de noemer nul en je kunt niet door nul delen.

Opgave 2:

. x2+x-2 O

a Ilim————=—=0
=l x =2 -1

2 J— —

b lim Y2 i G- s g
x—1 x_l x—=1 x_l x—1
.ox-1 . x-1 . 1 1

c. lim =lim

—lim——==

—1x?2 -1 >1(x=1)(x+1) =ix+1 2
N T S e YT S
X—)lx —X x—1 (x_,\/;)(x+\/;) X_)lx+’\/; 2

Opgave 3:
22X 2 2
a I|m—2:I|m—:—
x—>03x x—>03 3
4
b, 1im2 —1im2=9%-0

x—0 3x3 x—0 3 3

2_ — —_—
d ”m2x X _ imZx 1:_1:_%
x—0 X x—0 3 3
Opgave 4:
2_ — —
a im& ¥ e 0E2 D) e o1 21
x—1 1_x x—1 1_x x—1
b limEA L im G- +D) s o oy

x—>4\/;_2 x4 \/__2 x4
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—WE L x-3a

1

1 1

d lim

X

2

) 1
=lim

Opgave S:

a

b. neg

c f@M=1
-1+p=1
p=2

Opgave 6:

, T
|)!Tr£1fp’q(x)—|)!glx =8

. R
Ilglfp’q(x)—llwx +g=4+q
f@=p

8=4+qg=p

dus p=8eng=4

Opgave 7:

. L 2 2
I:mfp(x)_llg\x +1l=e"+1
|i[nfp(x):|i[n3+p|nx:3+p
3+p=e*+1

p=e’-2

Opgave 8:
I)Icmfp’q(x):l)ICWZx—p:Z—p
H e H x-1 _ 0 _
|)Iﬁlfp’q(x)—|)lﬂl2 =2"=1
2-p=1

p=1

H e H x-1 _
|)!Tr£1fp’q(x)—|)!Tr£12 =4

. T B
I)!glfp’q(x)—llglx +9=9+¢

9+g=4dusg=-5

=2 x—2

=lim =lim = =

-9 y2 _ Oy x—>9(x_3,\/;)(x+3,\/;) x—>9x+3,\/; 9+9 18

. -4
=1m

—=2x3 —2x% —4x+8 2 (x*-4)(x-2)

= bestaat niet
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Opgave 9:

a [-3—)

b. (-2,—)

c. 9-x*>0
—x?>-9
x?<9
-3<x<3
(=33

d R

e N

f. 2°-4>0
2° >4
2% > 22
x>2
(2,-)

Opgave 10:

: T
a. Ilmfo(x)_llmx =1
ll[['fo (x) = I)Iﬂlx =1 |
lim /,(1) =1= (@ g

dusdefunctieiscontinuin x =1
ja er ziteen knik in de grafiek bij x =1
b. |ig\g_1(x) = |imx2 =1

llﬂ]g*l(x) = I»)lC[PZx—l: 2-1=1

limg ,(x) =1= g0

dusdefunctieiscontinuin x =1
nee, er zit geen knik in de grafiek

Opgave 11:
1) | +3| x+3 voor x=-3
xX)=|x =
-x—3 voor x<-3
jim/ 3N =S8 _ g (34 W) =30 _ iy 3=h=3_jj=h_ 4
nTo h nTo h nTo h ok
“mf(—3+h)—f(—3):”m—3+h+3—02“mﬁ:1
nl0 h nlo h o h

Delimieten zijn niet gelijk, dus de functie fis niet differentieerbaar in x = -3.
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b. xz_:q_ x> =1 voor x<-1vx>1
~x?+1 voor —1<x<1

g(x)=

voor x<-1vx21
—x2+2 voor-1<x<1

2x voor x<-1vx2>1
g'(x)=
—-2x voor —1l<x<1

/

d x=-lenx=1
Opgave 13:
. i 2_ _ . _
a 'j{g‘f(x)—';{?x 1=4-1=3
llf?f(x):ung_?’:G_?’:?’

/(=3

dus defunctiefiscontinuin x =2

b. f(2+h) (2 lm(2+h)2—1—3:
hTO nTo h

hi 0 h
fisniet dlfferentleerbaar inx=2

.
z\a

2_
4+4h+h 4:Iim4+h:4

f(2+h) /@) _ i 32+m)-3-3_
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Opgave 14:
a Ing(x) = |ig1x2 -2=4-2=2

limg(x)=1im3x-3=6-3=3
2 2
gisniet continuin x =2
b. Iimg(2+h) g(2):”m(2+h) 2 2:|. 4+4h+h° -4

Im =lim4+h=4
nTo h nTo h nTo h nTo
im8@2+th-g@ . 32+h)-3-2 . 6+3h-5_,. 1+3h o .
n0 h hl0 h hl0 h o h

dus g isniet differentieerbaar in x = 2

Opgave 15:

a |iglf(x)=|im—x2+2x+1=—1+2+1=2
i =i 2— =]1— =
|)I£[lf(x)—|)lﬂ1x 2x+4=1-2+4=3
dusf isniet continuin x =1

b. f'(x)=-2x+2 voor x<1
f'(x)=2x-2 voor x>1
Il@f(x):llm—2x+2:—2+2=0
Iﬁf(x)zl)lﬂle—Z:Z—Z:O

c Iimf(1+h)—f(1) _”m—(1+h)2 +2Q+h)+1-2 . —1-2h—h*+2+2h+1-2
: p = = _

lim
0! nTo h ) h
72
[im =lim-A=0
o h nTo
_ 2 _ N 2 o .
Iimf(1+h) f(l):”m(1+h) 20+h)+4 2:”m1+2h+h 2-2h+4 2:
hi0 h ) h ho h
2
lim?" "1 _pestaat niet
o

f isniet differentieer baar in x =1
d. :

3
a
2
p /
o
2 / [
4
2
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Opgave 16:

a Iirgg(x) = |ir2%x+1:1%+1= 21
g(d=2
gisniet continuin x =3

L voorx#3

b. ' — 2
g {O voor x =3
_limi _ 1

(9= lims

2
[img'(x)=limi=21
xng() x¢32 2

, - . 1@B+mn)+1-2 . 1i+ip+1-2 0 Lth+l :
C. Ilmg(3+h) g(3):“m2( Hh+ —lim=2 2T i 2 T2 eyt et
nTo h nTo h nTo h o h
, - . 1@B+mn)+1-2 . 1i+ip+1-2 0 Lth+l :
Ilmg(3+h) g(3):“m2( Hh+ —lim=2 22T i 22T pegtent et
n0 h n0 h hl0 h o h
dus g isniet differentieerbaar in x =3
d. o
Eal
Opgave 17:

a limf(x)=r@=1
Il@f(x)zllw3x—2=3—2=1
dusfiscontinuin x=1
: ' BT 2
Ilmf (")—'1@3x =3
|)Iﬂ‘lf (x)=|)|ﬂ13:3
dusfisdifferentieerbaar in x =1

b. 1/

/

7

/
/

|

Opgave 18:
a IiTrglf(x):IiTrglf(O):Z

lim /() =limvx+4 =2

dusfiscontinuin x=0
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LN a1
|)!H;lf (x)—l)![gl4x+4—4
N 1
= g
dusfisdifferentieerbaar in x =0
2x+4 voor x<0
b f'(x) = # voor x >0

2x+4

Opgave 19:
Iimf(x)=f(0)=a2+b

- _ . 3 _
I)!wf(x)_l)!wx +4x+1=1
dus a® +b=1

Ilm f (x):lj{QZ(x—a):—Za
H ' N H 2 _
|)!wf (x)—l)!m?»x +4=4
dus —2a =4

a=-2

b=1-a*=-3

Opgave 20:
a

|\/3
h

b. limf(x)= lim?2 =2
xM1 M1y
lim/ ()= /=2

dusf iscontinuin x =1

2
/() = lip= = -2

|i[[lf'(x)=|i[[l—2x:—2

dusf isdifferentieerbaar in x =1
¢ limf(x)=r()=-1

Ilwf(x) = Ilwpx—Zp—lz -1

dusf iscontinuin x =2

I)!Tr?f (x)zl»l@—2x=—4

lim/'(x)=limp = p
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dusf isdifferentieerbaar in x =2 voor p = -4

Opgave 21:
a :

o
Bl [ / 1 2 3 4 Ed
-
2,

b. Iimf(x)zlim—xz+6x—5=—a2+6a—5

limf(x)=f(a)=0
dus —a®+6a-5=0

a’—6a+5=0

(a-D(a-5=0

a=1 v a=5
IiTmf'(x):IiTm—Zx+6=—2a+6
Iifnf’(x)=|i£n4=4
dus —2a+6=4

—-2a=-2

a=1
dus f, isdifferentieerbaar in x=a asa =1

Opgave 22:
a t(x)=x>-8
t'(x) = 3x?
£'(2) =12
raaklijnin (2,0) is. y =12(x-2)
n(x)=x*-4
n'(x) =2x
n'(2)=4
ragklijnin (2,0) is. y =4(x-2)
. x°-8 . (x-2(x*+2x+4) , x*+2x+4 4+4+4
b. lim——=Ilim =lim = =
w2 xc -4 w2 (x=2)(x+2) =2 x+2 4
mM:Iimg:fﬁ
=2 4(x-2) 2 4

x*-8 . 12(x-2)

3

dus lim—; =lim
-2 xS -4 2 4(x-2)
' 2
im ) i P s -3

x—2 n'(x) x—2 2x x—2
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1
a |m|n(2c—2):”mx—2:1
-3 x _9 x—3 2X 6
3 2
b, lim* 2 —lim> — 2 4y
x—3 x2—9 x—3 2x 6
2x*-x-1 . 6x’-1 5
C. 3—:| > A
x—1 2(x _1) x—1 6x 6
2x_ 2x
A lime—toim% -2 >
x—0 X x—0 1 1
Opgave 24:
o 2x3—-3x?-12x+20 ,. 6x’-6x-12 .. 12x-6 18
a lim 5 =lim————=1Iim =—=3
=2 3x* -12x+12 =2 Bx-—-12 =26 6
. 4x . 4 )
b. Iim————=lim———=1im-8y5- :—8\/3
x—0 /5_x_\/§ x—0 —1 x—0
24/5—x
-1
o tim Y o2l Va3 2,
x—)lz_m P — x—>1 \/; 1
240x+3
d Iim2 —16:”m2 -In2:16ln2:2|n2

x—4 xz _16 x—4 2x
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16.2 Limieten en asymptoten

Opgave 25:
a f(-10)=3462

£(~100) = 3,059
£(~1000) = 3,006

b. door x heel erg negatief te worden daalt f(x) steedsdichter naar 3
c. f(10)=2,308
£(200) = 2,939
£(1000) = 2,994
d. door x hed erg positief te nemen stijgt /'(x) steeds dichter naar 3
e y=3
Opgave 26:
. 3x*-x . 3-1 3-0
a lim > =1im L=—=-3
xX—0 —X oo 2 _ _1
3 2-1 0o-
b, lim> % —jime =071,
X0 X X—>0 2 2
2 6
c. lim 5 =lim— :L:O
x%ooz_x x—ow 2 _ 0_1
. (2x=3)% | Ax?-12x+9 . 4-2+5 4-0+0
d lim 5 =lim 5 =lim — —
ooyt 4]l wow xS 4] o 144 1+0
Opgave 27:
 (4x-1)% . 16x2-8x+1 . T—-3+5% 0-0+0
xow x4 oo xT+4 o 1+ 5 1+0
3 3 2
b. Iimx—+22:Iim2x—+2:Iim 2 bestadt niet
=0 (3x+1)° > Ox"+6x+1 x+w9+g+712
c. lim mal = lim =lim ————=Ilim 4 -4
X—>—00 X +1 xX—>—00 I (1+ x%—oc_xll_i_l xX—>—00 [1_’_1 /1+0
d V2-x bestaatvoorxszduslim”z‘; bestaat niet
X—>00 x+
Opgave 28:
C(2x+1)% . 8x®+12x?+6x+1 . 8+Z+5+5 8+0+0+40
a lim— =lim 3 =lim = =
e xT 41w x°+1 x>0 1+% 1+0
1. /Bx +%0 5,40
b lim S50 B ' »_9+0_ g

X—® x—1 X—® 1-— l X—>0 1_; _1_0

20x%+1 2yx?+1 . 2 1+5 _2J1+0

c. lim lim = =2

X—>0 x+\/; x%ocl_i_l\/_ X—0 1+\/7 1+O
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d i 5 [im
X——00 x5+ X—>—0 X +1 X——00 X +1

“m3_ I+% 3-V1+0
AR s 1+0

Opgave 29:

2 _ 4-1 _

im—2 L _jim T 470y qusdeHA.is y=4

e xS —x—6 Hool—%—x% 1-0-0

x2-x-6=0

(x=-3)(x+2)=0
x=3 v x=-2dusdeV.A.ziinx=3 en x=-2

Opgave30

. 6 6
[im —I|m =lim =lim = =3J2
X—0 / X—0 X ( %) X0 5 2_% X—)oo\/z % \/2+O

. 6x .
lim —= Ilm—— S S - - _
X—>—00 / 6 X—>—00 I 2_%) x%—oo_x ,2_762 X—>—00 __ 2_762 _ /2+0

dusdeH.A. zijn y:3\/§ en y=—3\/§

2x2-6=0
2x2 =6
x?=3

x=43 v x=- 3dusdeV.A.zijnx=\/§enx=—\/§

Opgave 31:

a bx*-18=0voor x =3 envoor x =-3
9% -18=0
9 =18
b=2
i ax*+5 . a+x%_a+o_
2252 18 = 2-8 2.0
dus a =12

b. ax*+bx®-2=0 voor x=-2 envoor x =2

{16a—8b—2:0

N[
N
Il

(o]

16a+86-2=0 +

32a-4=0
32a =4

b=0
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Opgave 32:
a Ilimf(x)=0

a?‘l

b, lim f(x) =

c. lim f(x) =bestaat niet

m

Opgave 33:
x*+5x+2 x*+5x+6-4 (x+2)(x+3)—4_x+3_ 4
x+2 x+2 x+2 x+2
. . 4 0
b. Ilim =lim——=——=
x>0 x + 2 x»oo1+% 1+0
.4 .4 0
[im = [im =

Srx+2 woli? 140
dus de grafiek gaat op den duur steeds meer lijkenop delijn y =x+3

Opgave 34:
a x-1=0
x=1dusdeV.A.isx=1
2
)= TS i 6-L dusdeSA.is y=2v+6
x-=1 x-1
b. 2x-1=0
2x=1
x=1dusdeV.A.isx=1
2 3
g(x) =%3);2=—%x+1%— 5 dusdeSA.is y=-3x+1]
c. x°-9=0
x> =9
x=3 v x=-3 dusdeV.A.zijn x=3 en x=-3

x3+3x2—9x+31_

h(x) = x+3+ dusdeSA.isy=x+3
() x?-9 x?-9 Y
d x?-1=0
x?=1
x=1 v x=-1 dusdeV.A.zijnx=1len x=-1
x3-1 x-1 .
i(x) = =x+ dusdeSA.isy=x
J(x) 7] 71 y
Opgave 35:
2 2
f(x):x +3x+2:x +3x+2:x+3+g s x>0
|x| X X
2 2
f(x):x +3x+2:x +3x+2:_x_3_g as x <0
|x| -X X
V.A.: x=0
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SA.: y=x+3 dsx—>»
y=—x-3 dsx—> -

Opgave 36:
2— —_— J—
a f(x):x x-2_ (x+2)(x 3)+4=x—3+ 4
x+2 x+2 x+2
VA x=-2
SA. y=x-3
b f,(x)_(x+2)(2x—1)—(x2—x—2)_2x2+3x—2—x2+x+2_x2+4x_
' (x+2)2 (x+2)2 (x+2)2
x> +4x=0
x(x+4)=0
x=0 v x=-4
max f(—4) =-9 T
min /(0)=-1
c. x*-x-2=0 .
(x-2)(x+)=0 .
x=2 v x=-1 .
2x%—x—
OV:—— x=—|(x—-3+ dx =
pp(V) j — j( 2)
= [1 2 3x+4|n|x+2|]
=—(2-6+4In4—-(3+3+0))=—(4In4-73)=7%-4In4
Opgave 37:

a  f(10)=+/340 =18,44
/(100) = /39400 =198,5
/(1000) = /3994000 =1998,5
2(10)=20
£(100) = 200
£(1000) = 2000
b. asx—owdan f(x)—g(x) >0
c. dsx— - dan f(x)-h(x) >0

Opgave 38:
f(x)= \/4x2 —6x

-3

s )_\/4x —6x

\4x x+2x
b =lim+v4x® —6x — 2x—||m(\/4x —6x) — 2x) -
A VA4x? —6x+2x
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x2 — 6x — 4x? . —6x —6x

=lim =lim =lim =
eNAXT —6x +2x T AP(L- ) +2x 77 2x -2 L 2x
-6 -6

=lim =-11
o2 1——+2 2J1-0+2

dusdeSA.is y=2x-13

Opgave 39:

f(x)=+4x* +6

f'(x)_;.gx_L
2\/4x2 +6 \/4x2 +6

4
a=Ilim =lim—————=1Iim =2
= \4x* +6 Jx (4+ e x A+ S "*("’\/4+6 2 J4+0

b=limv4x*+6 2x—||m(\/4x +6—-2x)- —‘4x+6+2x
o NAx? +6+2x

iAo 6 — lim 6

%\ 4x? + 6+ 2x "_m1/4x2(1+%)+2x o 20,1+ 8+ 2x
6

=lim 2

2 1+ 0 +2 2\/1+0+2
DusaISx—>oo danlsdeSA' y—2x

a=limM—=lim———— I|m I|m

-4 _

\V4x® +6 - 2x
—|Im\/4x +6+2x_I|m(\/4x +6+2x) —————

= I|m 4x” +6—4x’ = lim 6 = lim 6
* A 4x? +6 — 2x H“’°1/4x 1+ %) —2x -2 1+% —2x
6
=lim 2

e~ 1+7§§2—2_—2\/1+0—2_
Dusas x > —o danisdeSA.: y=-2x

Opgave 40:

a  f(x)=+x*—4x
x> —4x2>0
x(x—4)=0
x=0 v x=4

dusx<0 v x=>4

1 x—-2
b. f'(x)=————x(2x-4)=—"—=
2\ x? —4x Vx? —4x
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1_2
a=Ilim X2 "—101

X0 m Hm \/T Hoo x \/r Hoo \/j J1i-0

VX —4x +x
b=limvx®—4x - x—llm( x7—4x —x) ———

_lim x?—4x—x? _lim —4x
ST amix mem o lmt 4 x
4 -4

e 1-24+1 J1-0+1

a=lim——2_ ;zzlim—zzlim = =-1

x_"”\/x “ar o PA-%) ox 1—3 o -4 _1-0

b= limyx®—4x +x= IIm(\/x —4x +x) — —Arox
T Vx? —4x —x

e S T A S T A S
Xt =y —x T x? (1— —-x T -xl-1-x
-4 -4

= lim

o= o4 _J1-0-1

dusvoor x » —o isdeSA. y=-x+2

c. Wx?-4x<?2

x> —4x =4

x“—4x-4=0 : /
+ + B P B 2 FRD 1 2 3 4 s

x:4_;/§:4_:\/§=2i2\/§ 4

2-2J2<x<0 v 4<x<2+242

d Jx?-4x<x
x? —4x =x*
-4x=0
x=0
x=0 v x=4

P
e Inh= ﬁj (Vx? —4x)%dx
4

= 7rjf()c2 —4x)dx = ﬂ[%xs - 2x2]§: ﬁ[%ps —-2p®— (211 —32)]= 1007
4

1p®-2p*+10L=100
Deze vergelijking is niet met de hand op te lossen, wel met de GR.
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x+1
2
’x :i— =
(%) =3 11
2 __, K:
+12° |
(x )2 \ /
(x+D)°=4 R
x+1=2 v x+1=-2 )
— — _ //’A'\
x=1 v x=-3 / \-
max f(-3) =-43 .
min /() = -4 |
b. VA:x=-1
SA:y=35x-2
c. Ix-2+ =0

x+1
Gx-2)(x+1)+2=0
1x?-14x-2+2=0
sx(x=3)=0

x=0 v x=3

3
Opp(V) = —j(%x—2+x—i]_)dx = —[2x? - 2v+ 2Infx + 1= ~(22 - 6+ 2In4)
0

=32-2In4
d. f moet continu zijnin x =-3 dus:
lim/(x)= /(-3 =43
|i¢r7r?!ax3 +bx?+ex+d =-27a+9% —3c+d
dus —27a+9 -3c+d =45
f moet differentieerbaar zijn in x = —3 dus moet ook nog gelden:

[ "(x) =limi -
im () =l

1_1
(x+1)? % 2
Ih[rgf'(x)=|iirg3ax2+2bx+c=27a—6b+c

dus 27a—-6b+c=0

f moet continu zijnin x = 0 dus:

IiTrg\ax3+bx2+cx+d=d

lim/(x) = £(0)=0

dusd =0

f moet differentieerbaar zijn in x = 0 dus moet ook nog gelden:
Iimf'(x)=lim3ax2+2bx+x=c

2
lim f*(x) = lim3 I
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dus c =-13
{— 27a+9b+41 =41

2

27a-6b-11=0 i
3b+3=-43

3b=-73

b=-23
27a-6--21-11=0
27a =-135

a=-3
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16.3 Standaardlimieten

Opgave 42:
a
2-
1
— '3 2 1 : 0 1 2 3
-1
b. 1im2™*_q
x—0 X
Opgave 43:
a sna=B9 _ 504

tano :E:AC
04

oppervlakte sector OAB = Zi art=1ia-1*=1a
T

Opp(AOAB) =4-04-d(B,04) =3-1-sina = sina
1
2

Opp(AOAC) =4-04- AC =3 -1-tana = Stana
b. Opp(AOAB) < opp(sector OAB) < Opp(AOAC)
lsina <ia <itana

sina <o <tana

Opgave 44:
. _Sinx ,. _Snx . sSn(- . —Sin . Sin
a lim =lim =lim (y):llm y:hm y=1
xTo X —xi0 X y\LO — y y\LO — y y\LO y
. tanx . 9 gpny
b. lim =lim&: =|im——=-cosx=1-1=1
x—0 X x—0 X x—0 X
Opgave 45:
. Sin2x .. Sin2x
a lim =lim :2=1.2=2
x—0 X x—0 2)C
) . 3x 11
b. ||m_ :||m_ §:1§:§
-0gn3x —0sn3x
2
. x“+tanx . tanx
c. lim————=limx+——)=0+1=1
x—0 X x—0 X
. sSindx . sndx ix 4
d. lim =lim —2- .~-=1.1.8=8
—o0tangx 0 4x  tanjx 3
. 2x+Sinx . .2+ 241 s
e lim———=Ilim=Iim =——=3

0 3x +tanx 0 0340x 34
X
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2xsSinx 2xsinx

f. lim =lim— =lim2xcosx =27 --1=-2x
X tanx X1 % X1
Opgave 46:
. sin(x—-1% .S
a ||mM:||mgn—y:1
x—)%n x—%ﬂ' y—0 y
. tan(x -1 ) tan(x — 2 . . 1
b. Ilim (¥=37) _ im =37) _ tany :“mtany. _Zy 2=1.1.2=2

oirgn(lx—1z) obsin(i(x-1x)) »-0sniy -0y  sinly

. x?+4+8n2x ,. 2x+2cos2x 0+2
c. lim—————=Ilim =
=0 2x+9SNnNx 0 24COSx 2+1
1 1
. xdx+tanx . 1*\/;+ 0+1
d lim————————=1lim 2 s x %
0 x+8Nn3x o 1+3cos3x 1+3

2 (gebruik de I’ Hospital)

(gebruik de I’ Hospital)

Opgave 47:

2_ . .

T e b= L E TPV S UMD S LLE S W S ,
x—0 2x x—0 X
as x > dan f(x) > o
as x > —o dan f(x) » -

B, =(«<,-D)U(-1-)
b. y=3x-2

2_ .
C. y-= al 4x2+28mx optie zero geeft: x = 4,43
X

dus x < 4,43
Opgave 48:
() = Iimf(x+h)_f(x) :“msin(x+h)—sinx _

h—0 h h—0 h
_”mZSin(%(x+h—x))-COS(%(x+h+x))

h—0 h
_ ”mZSin%h-cos(x+%h)

h—0

. sin{h-cos(x +3h)
=lim
h—0 %h

1

. Sinth
=lim——=2—-cos(x + 3 /)
h—0 %h

=1-C0Sx = COSx
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Opgave 49:

a
3
. X
b. Iim=—=0
x%oozx
3
x _ 2 3 _ 'Z _ 'Z _
c. f(x)=§=x3-2x:2'°g"-2X:23'°g"-2":23'°9”
Opgave 50:
Inx . Iner ..t 1 ¢ 1. ¢t 1
a lim =lim - :Ilmit:I|m—-—t:—-I|m—t:—-O:O
X—>0 X {—0 e t—)oce t—)oon e n t—)ooe n
. . . Int . —Int
b. lim(x"-Inx)=lim®#)"-Ini=1lim =lim =0
0 f—soo L t t—o t” t—w t”
Opgave 51:
11
. XX . X ?
a lim \2/_=I|m > =0
x%ooex x%oo(e )X
. o PR t
b. limx.e' =lim-t¢t-e’ =lim——=0
X—>—00 {0 oo ol
. Inx . Inx
c. lim——==Ilim—-=0
x%ooxzx/; x~>oox2§
In®x . In®x . (Inx®
d lim =lim =lim =0®=0
X—>00 3x X—>00 % X—>00 %
X X

1)

1
lim3/x-Inx=limx®-Inx=0
x0 0

1 R 1
f.limvx-In®x=limx? - Inx =lim(x* -Inx)® =0° =0
X0 x40 X0

Opgave 52:
2 2
Lox“+4x . [ x X
a Ilm—lelm(—x+4-—xj:0+4-0:0
X—>00 e X—>00 e e
4 4
. . _1 .t . t
b. limx*-ye* =limt*-e? =lim—=lim——=0
X—>—00 t—0 t—o St t—o 2\t
e (e?)
3 | 1 | 1
. X . In®x . nx)\? 1
c. lim——=Ilim =1lim — =0*=0
X—0 xe x>0y x| x &
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d. lim®) -/Inx =lim%.Iné x =10° -|im('”—2fj =10°-0=0

X
e Iiirg\(x2 +x)Inx = Iiw(x2 Inx+xInx)=0+0=0

. 2 3 . Z 3 0 A3
f. limx“e’In®x=Ilime*-(x*Inx)°=¢"-0°=1-0=0
X0 X0

Opgave 53:

a limx® =lime™ =lime™™ =¢° =1
X0 x40 X0
. 1 . In % . Linx —»

b. limx® =lime™ =lime:" =0 (e =0)
X0 x0 X0

1

1 . x . Inx
c. limx: =lime™ =lime* =¢° =1
X—0 X—0 X—0
Opgave 54:

a f(x)=ex-In*x
f'(x)=e-Inx+ex-2Inx-1=c¢-IN*x+2e-Inx=0
e-lnx-(Inx+2)=0 f
Inx=0 v Inx=-2
x=e’=1 v x:e’zzeiZ
max f () =4
min /(1) =0

1
b. limex-In®x=e-lim(x?Inx)* =¢-0° =0
x40 x40

c. y,=ex-Inxeny,=Inx
intersect geeft x=1 v x=132
O<x<1l v x>132

Opgave 55:
a f(x)= Xt =™ == o™ f
@ =e"™ (ZInx+i-)=e" L. (-Inx+1) =0

Linx
x

=0 v x—12=O v —Ilnx+1=0

—lnx=-1
Inx=1
x=e
1
max f(e) =e-
1 1 Inx
. lim =limx* =lim(e™)" =lime * =
b X0 f(X) X0 * X0 (e ) x40 ¢ O
1
X" 12

fi) =% (@-lnx)="_@-Inx)=x *-(1-Inx)=x > —x-Inx
" X
neem p=,-2danist=p+2 dusx=_
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. i2 .
limx " = Ilm(iz)‘” =0
0 p—>® P

|iwxf*2 ‘Inx =0 (standaardlimiet)
dus Iiwf’(x) =0-0=0

c. limx =lime® =¢®=1dusdeH.A. is y=1

X—>00 X—>0

d f(x)=gk)

Xt =X

T=x

x? =1

x=1 v x=-1(vervalt)
f@=3%-e"™ 1-In)=1
gM=1=1

=g A f'(Y=g'(Q) dusdegrafiekenvanfen g rakenekaarin x=1

Opgave 56:
a f(x)=e
x+h X
f,(x):”mf(xM) f(X):”me e
h—0 h h—0 h
x+h _ x x( h h
b, lime % _im€¢ =Y _ o jjme 1
h—0 h x—0 h -0 )
F1(x)= e dus lim® —1
Opgave 57:
lim (L) = limLs <) =lim > =1
X—>—00 t—o0 t—0 (1+ —Ta) e
Opgave 58:

a  lim(1-2)" =liml+2)' =e? =2
X—>0 e

X—>0

b. lim(2)" = lim(1+4)" =¢*

X—>0 X—>0

¢ lim(z) = lim gim T 1
e e 148 ) e (14 5) e°

X—>—00

dlim(Z2) = lim(+ )" :LLT(“‘T —e? =+e

Opgave 59:
a sd x*=¢
- 2 -
I|m(1+ %)* —lim1+2) =et=e
X—>00 x t—00
. 2 . 2
b. Ilm(Lg“) = I|m(1+iz)‘ =et
x—o "~ X X—>0 X
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lim(=z ) = lim{1+ 4 ) ZLLTO((“%)(ZF —(e")° =1

x—o0 * X xX—>0
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16.4 Limieten bij rijen

Opgave 60:
a S,= % A1 (g +uyy) = % -11-(5+ 35) = 220

b. S, =%20"(uy +uy,) =5-20-(5+65) =670

c. S, =3m+D(uy+u,)=3(n+D(5+5+3n)
= ($n+31)(10+3n)
=5n+1in*+5+1in

—11,2 1
=15n"+65n+5

Opgave 61:

- 20-20- (3)4
a S, =0 Q) _am99

1—7’ 1—5

- 20-20-(3)®
b S, =20t _ 52) =132970

1—7" 1—5

Ug—u,, 20-20- ()" e ) .,

c. S, = °1_r L= 1_%2 = —40+40-(3)""* = —40+40-2-(2)" =60-(2)" —40
Opgave 62:

- 60— 60- (2)™
a S,=-olu_ 2(3) =177,9

1—1" 1—§

b s, _to~in _60-60-()”
1-r 1-
C. Iimunzlim60-(§)”=0

n—>0

=179,95

wlN

o _ - . 60-60-(2)"" -
lim> u, = lim22 L — |im ()7 _80-0_ 149
n—on 4= I n—m 1_% 3
Opgave 63:
a 2+5+8+..+(Bn+2)=1-(n+1)-(2+3n+2)
=2(n+1)(Bn+4)
=1(Bn®+Tn+4)
=1in*+3in+2
. 1n?43lp+2 134242 111040
IImZ+5+8+ 2+(3n+2):“m 2L 22n lim=22 2 _ 13 1
n—o n n—w n n—w 1 1
b. 1+2+3+..+n=3nl+n)=1n’+1in
. . tn®+in o 141 140
IIml+2+32+ +n:“m2n 22n:“m2 o _ 2 _3
n—o n n—w n n—o 1 1
1-2"1

C. 1+2+4+8+..+2" = =2"_1
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. 1+2+448+..+2" 2"t 1
lim _
n— 2n >0 2n oo
_ g, ontl
d. 1O+20+4O+...+5-2”:%:5.2%1_10
5-2" ) 5.2"

— lim —lim(2-2")=2-0=2

lim =lim 1 =lim = =
210+ 20+40+..+5-2"  »>»5.2""-10 »=10-2 10-0

Opgave 64:

Nl

a 1+5+9+13+.+dn+1l=1(n+)A+4n+)=En+3)(4n+2)=2n*+3n+1
144+ 7+10+..+3n+1=1(n+)A+3n+D) =t +in)(Bn+2)=1in* +2in+1

2+3+5 24040

1r5+9+18+. +dn+l . 2n® +3n+1
01444 7+10+..+3n+1 —=1in®+2in+1

. 2+5+9+13+..+4n .
b. lim =lim

1+5+9+13+...+4n+1

T 1140+0

2=
n—>x0 1 2 1
1+ +

>0 24+ 6+11+16+...+5n 1+ 6+11+16+...+5n+1
B lim%(l’l+1)(1+4l’l+1)

noe 1(n+1)(1+5n+1)

. 4n+2 . 4+2 440
=lim =lim = =
noebp+2 nowb54 2
. 1-2+4-8+..+(-2)" . 1-2+4-8+..+(-2)"
c. lim =lim

I =lim3 =3
o0 2—-4+8-16+...+-1-(-2)"" m=»2-(1-2+4-8+..+(-2)") o=
d. 100+150+ 200+ ...+100+ 507 = 3 (n +1)(100 + 100 + 50n)
= ($n+3)(200+ 50n)

w|s

1_1

= 25n? +125n +100
n 1_l5”+1 n+1 n n
1+15+2,25+...+15" = 1-15 =-2+2-15"=-2+2-15"-15=3-15" -2
|im100+150+200+"'+100+50n—Iim25n2+125n+100
n—w 1+15+2,25+...+15" n—w®

n—>x0

Opgave 65:

a 400+ 300+ 225+186,75+126,5625+ ... =

1
b 1—%+%—%+1—16—3—12+...:1__%=§
- _ 100
1-09
d S:500:15OO
1-3

25n

= lim-2

100
ot 0+40+0

0
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Opgave 66:
u, =200-0,8"

Szﬂzlooocm
1-08

Opgave 67:
a 135+2.135.0,7+135-0,7? =390,15cm

b. omlaag geldt: 135+135-0,7+135-0,7° +135-0,7° +...= % =450
2 3 4 1350,7
omhoog geldt: 135-0,7+135-0,7° +135-0,7° +135-0,7" +...=——— =315
dustotaal: 450+ 315=765cm
Opgave 68:
40
oml eldt: 40+ 40-0,4-0,75+40-(0,4-0,7)* + 40-(0,4-0,75)% +...=——————— =571
aag g ( ) ( ) 1-04.075 >
omhoog geldt: 40-0,4+ 40-04,-0,4-0,75+40-0,4-(0,4-0,75)*> + 40-0,4-(0,4-0,75)° +...=

40-04

1-04-075 '
dustotaal: 571 +222=80m

Opgave 69:

a h,=6
hy =32

b. S= =20,5cm

c. iederezijdewordt %\/E keer zo groot, dus de inhoud wordt (3 J2)% = %JE keer zo groot
I, =216 (2+/2)"
216
1-1y2

S = =334134cm3

S
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